In this paper we construct explicitly natural (from the geometrical point of view) Fock space representations (contragradient Verma modules) of the quantized enveloping algebras. In order to do so, we start from the Gauss decomposition of the quantum group and introduce the differential operators on the corresponding q-deformed flag manifold (asuumed as a left comodule for the quantum group) by a projection to it of the right action of the quantized enveloping algebra on the quantum group. Finally, we express the representatives of the elements of the quantized enveloping algebra corresponding to the left-invariant vector fields on the quantum group as first-order differential operators on the q-deformed flag manifold.
Introduction
Let G denote a simple and simply connected complex Lie group and K ⊂ G its compact form. The purpose of this paper is to construct an explicit representation of the quantized enveloping algebra U h (k) of the quantum group K q in terms of (local) holomorphic coordinates and differential operators on the homogeneous space (K 0 \K) q = (P 0 \G) q . This extends unambiguously to a representation of U h (g). Starting point for this construction is the Gauss decomposition of the canonical element of the quantum double of G q (which yields the Gauss decomposition of the vector corepresentation) as described in [8] . Using the projection from G q to (P 0 \G) q we introduce partial differential operators on the homogeneous space. The representation of the elements of the universal enveloping algebra in terms of these differential operators and holomorphic functions can be viewed as a natural Fock space representation of U h (g) (U h (k)) (the contragradient of the Verma module). The explicit fomulas are presented in the case G = SL(N) and P 0 = B − with B − being the Borel subgroup of lower triangular matrices. However, we hope that from our exposition it is clear that the general case can be treated similarly. We assume a generic value of q = e −h , which becomes real, while referring to the compact forms. Let us mention that there are already many papers devoted to the subject. We mention just a few [1] , [20] , which seem to be most closely related to our approach. Nevertheless, we wish to stress the geometric origin of our construction, which employs the Borel-Weil-like description of the irreducible representations of the quantized enveloping algebra U h (k). It follows from [8] that the representatives of the elements of U h (k) (U h (g)) corresponding to the left-invariant vector fields can be described completely in terms of non-commutative differential geometry on the quantum group K q (G q ). What we are doing here is essentially an explicit restriction of the non-commutative differential calculus on K q (G q ) to the algebra of holomorphic functions on the homogeneous space (K 0 \K) q = (P 0 \G) q and finally expressing all in terms of this only. This is non-trivial mainly because the projection (14) is no longer an algebra homomorphism as in the classical case.
Preliminaries, notation
In this section we repeat some of the results described in [8] . For the general construction of the quantum double and its relation to quantum groups, we refer to [3] , [16] , [18] .
Let U h (g) be the quantized enveloping algebra related to a simple Lie algebra g and F q (G) the dual Hopf algebra of quantized functions on the corresponding simple Lie group G.
Let further ρ be the canonical element
with {x s } and {a s } being mutually dual bases. Its basic properties are (S is the antipode, ∆ the comultiplication)
Denote by b ± ⊂ g the Borel subalgebras and by h= b + ∩ b − the Cartan subalgebra.
Fixing a maximal Weyl element, one orders the set ∆ + of positive roots as [9] , [10] . The vectors H i can be replaced by any elements forming a basis in h. A similar assertion is valid also for U h (b − ). In the limit h ↓ 0 the elements E(j) and F (j) become the root vectors X β j ∈ n + and X −β j ∈ n − , respectively. We recall that the universal R-matrix can be written in the form [9] , [10] 
where exp q are the q-deformed exponential functions, µ j are some coefficients depending on the parameter h, and κ is some element from U h (h)⊗U h (h). We make use of the fact that U h (g) op∆ is a factor algebra of
can be decomposed as follows [4] 
Here {e j }, {e k }, {f j } and {f k } stand for bases in the corresponding factors, {e j } and {f j } are dual and the same is assumed of {e k } and {f k }; the dot in the third member of equalities (5) indicates multiplication in the double andR ′ is obtained fromR by reversing the order of multiplication. To express ρ we shall again use bases of the type (2) . In the notation adopted here, the elements F (j), E(j),Ẽ(j) andF (j) belong in this order to the individual factors in (5) . Factorizing off the redundant Cartan elements we have [8] Proposition 1. The canonical element for the quantum double
Let further Π 0 denote any subset of the set of simple roots Π and let us denote by U h (g 0 ) the Hopf subalgebra in U h (g) generated by all Cartan elements H i , and only by those elements X ± i for which α i ∈ Π 0 . Similarly we shall denote by U h (p 0 ) the Hopf subalgebra in U h (g) generated by all H i , X − i and those X + i for which α i ∈ Π 0 . The maximal Weyl element can be chosen such that there exists
. . , X β d form a basis of a nilpotent subalgebra n 0 and g=p 0 ⊕n 0 . This means that all elements F (j) belong to U h (p 0 ), while E(j) belongs to U h (p 0 ) only for j = 1, . . . , p. Notice that in the generic case Π 0 = ∅ and hence p = 0, p 0 = b − and n 0 = n + .
As it is easy to see, U h (g 0 ) is again a quasitriangular Hopf algebra with the universal R-matrix Q u given by
The canonical element ρ can be written as a product ρ = ΛZ , where
Let us also denote
so that AZ can be identified with the canonical element of the quantum dou-
which send E(j) and F (j) for j = k + 1, ..., d to 0 are Hopf algebra homomorphisms [8] . It also holds that (id ⊗ P − )R u = (P + ⊗ id)R u = Q u . As a simple consequence of the above-mentioned facts we have Proposition 2. It holds that
Here ∆ means the original comultiplication in U h (g), contrary to (1).
Let τ designate the irreducible representation of U h (g) corresponding to the vector corepresentation T of F q (G), T = (τ ⊗ id)ρ. As in [8] we use the entries of the matrix Z = (τ ⊗id)Z as (local) non-commutative coordinates on the q-deformed homogeneous space (generalized flag manifold) (P 0 \G) q . We shall denote the algebra generated by these by C. Applying τ ⊗τ to eq. (12) we get the commutation relations [8] 
where R and Q are used to denote the universal R-matrices R u and Q u in the vector representation τ . Let us note that (13) are formally of the same form as the defining relations of a quantum braided group [12] , [5] .
Using the universal element Z we now introduce a mapping (which is an algebra homomorphism in the classical case) from the algebra of quantized functions on G to the functions on the q-deformed homogeneous space C:
Unlike the classical case, the mapping Γ is not an algebra homomorphism on F q (G) (this is obvious from (13)) but the following properties are sufficient for our construction. The mapping Γ satisfies:
Proof. The proof of the second equation is rather straightforward using the decomposition of the universal element ρ. The proof of the first equation goes as follows. The starting point is
where we used
Applying the projection Γ and using the decomposition of ρ yields
Inserting a in the first tensor factor gives the result.
For later purposes we also introduce the dual mapping
3 Differential operators on C
The aim of the following paragraph is to introduce the partial derivatives ∂ ∂Z i j with respect to the coordinates Z i j with the help of the projection to C of the right action of U h (g) on F q (G), and to express the action of the left-invariant vector fields on C in terms of these.
Using the explicit form of the mapping Γ, it is easy to see that we can write:
The "action" ¡ has the following properties:
The above-defined action (it is really an action of ImΓ on C according to (22)) now serves to introduce a complete set of partial differential operators on the space C. In order to do so we start from the following observation:
To introduce an apropriate set of differential operators on C we choose the following elements of ImΓ:
From now on, we shall restrict ourselves to the case G = SL(N) and P 0 = B − , where B − is the Borel subgroup of lower triangular matrices. In this case the matrix Z is an upper triangular matrix with units on the diagonal. The R-matrices R and Q are then of the form
and the relation (13) can be rewritten, for the individual matrix entries, as
Using (23) in the definition of β yields in this case the following result for the right action of the functionals (24) on the matrix of the holomorphic coordinates on the homogeneous space (P 0 \G) q ,
This identity implies the following ansatz for the β's in terms of derivatives in the variables Z a ¡ β
Therefore we define the partial derivatives on the space C through the action of the functionals β. In order to obtain a complete description of the partial derivatives
we have to specify the deformed Leibnitz rule. This is done by starting from the comultiplication of the β's. Using
one obtains the following comultiplication of the β's:
In order to derive the deformed Leibnitz rule for the derivatives β, we make use of the following observation:
So in the case where X is already an element of ImΓ the right action on any element of F q (G) is identical to the right action on its projection. Therefore using the first equation in (15) and the definition of the matrix Z one obtains for f ∈ C
Starting from this equation we finally end up with the following Leibnitz rule on C:
So (25) together with the Leibnitz rule completely define the derivatives on C. Therefore it is now possible to express the left action on C of the vector fields on the quantum group through functions of the holomorphic coordinates Z and the differential operators β (or
The vector fields are defined in the standard way [7] , [2] , [17] κ := (q − q
Proposition 5. On the space C we obtain the following representation of the vector fields κ
Proof. Using (13) it is straightforward to derive the following commutation relation
Now using
and the commutation relation (34) it is possible to derive the following identity on a ∈ C by applying (τ i j ⊗ a ⊗ id) on both sides of (34)
To bring this equation to the desired form, we have to commute Q and β and use (22). Starting from (27) and the fact that U h (g) is quasitriangular, one obtains the following commutation relation (on a ∈ C)
Therefore inserting (37) in (36) yields the expression in Proposition 5 for the left action of the vector fields on C in terms of holomorphic coordinates and derivatives.
Remark: It is easy to see that, for a ∈ C:
So if we assume the differential calculus on SL q (N) with the conventions of, for instance [8] , we have for the differential of a ∈ C da = dZ This observation justifies our ansatz (26) for partial derivatives.
Representations
Using the proof of Proposition 5, one can now easily generalize the above formulas to the case of the action of κ i j in an arbitrary irreducible finite-dimensional representation T λ of U h (sl(N)) corresponding to a maximal weight λ = (m 1 , m 2 , ..., m N −1 ) [14] , [11] , [13] . First let us embed the representation space H λ into C by |Ψ → Ψ λ := λ|Z|Ψ . So it is now clear that instead of applying the second component of the triple tensor product in (34) to an element a ∈ C in going from (34) to (36) we have now to compute the matrix element λ|.|Ψ of the second component in order to obtain the action of κ 
Proof. Inserting τ i j in the first component of the tensor product (34) we obtain the following expression
The restriction to the specific state Ψ in the representation T λ is done by taking the matrix element between λ| and |Ψ in the first tensor factor (all matrix elements in the following are in the first tensor factor), where λ| is defined by the following equations:
This yields
where the κ are the vector fields defined in (32). Using the evaluation of Q on λ| as defined in (40) and the commutation relations between β and Q defined in (37) one obtains 
and using the definition of the left and right action ¡ (in the form given in (21)) we obtain the desired result.
If we now assume that the generators κ are acting on the whole C, we can interpret our results as a natural Fock space representation of the universal enveloping algebra of U h (g) (U h (k)) as the action is expressed in terms of holomorphic coordinates Z i j and derivatives
. These representations are nothing but the contragradient Verma modules.
